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In this note we show that there exists a new set of operators {Q} (this set is different 
from the operators which satisfy the Lie algebra of the Poincare group Pi 3) with 
respect to which the Dirac and Maxwell equations are invariant. We shall give the 
detailed proof of our assertions only for the Dirac equation, since for the Maxwell 
equations all the assertions are proved analogously. 
The Dirac equations [1] 



d&(t,x) „ /T , , 
at 



T~t = JoJaPa + 7074?™ 



(1) 



is invariant with respect to such a set of operators {Q} which obey the condition 

*(t,x) = 0, VQe{Q}. (2) 



4t- n > ( 



It is well known that there are two sets of operators which satisfy the condition (2). 
The first set has the form [2] 



{Qi} 



d 



P a ] =Pa = ~> — ■ 



dx a 

fi, v = 0, 1, 2, 3 



a = 1,2,3, 



(3) 



where 



S^v = -^{l^lv - lulu), 

The second set has the form [3] 



[XfJ,,Pi>\ 



5(2) 



\Q 2 \ = I Jab = Jab = Xa P b ~ X bPa + Sab, 



p(2) = D 
r a — Pa , 

a, b = 1, 2, 3, 



(4) 



J, 



(2) 



Ou 



X0Pa - -^{XaTi + Tix a ), 



We shall prove the followimg assertion. 



1 



Theorem 1. The eq. (1) is invariant with respect to such two sets of operators 



{Q 3 } 



{04 = 



( 5(3) 


= Po, 




7(3) 

J 0a 

< 


= x aPa 


- x a p - - 


f 5(4) 

! 


= n, 


5(4) _ „ 

— Pa, 


1 7 (4) 

^ J 0a 


= X0Pa 


- ^{x a H + Hx a ) 



J 



(3) 



(2) 



a 6 



<^ ab •> 



7a loHpa 



rW n 2 ^W 



Po; 



J a b — Jab — X a pb XbPa + S a b, 



where 



<-a — ^a 



Vh 2 ) {.Vh 2 h 2 VTp 



(5) 



(6) 



(7) 



Proof. It may be shown by an immediate verification that the invariant condition 
(2) is satisfied for the operators (5) and (6). However, a more easy and elegant way 
is the following. Let us perform a unitary transformation [1] over eq. (1) and the 
operators (5) and (6) 



Vh 2 



Under the transformation eq. (1) and the operators (5), (6) will have the form 
.d$(t,x) 



dt 

{Q 4 } = 



H c $(t, x), H c = j E, $ = E = ^p 2 + m 2 , 

P n (3) = UP^U- 1 = po, P^ = UP^U- 1 = Pa , 



J, 



o 

'ab 



UJ^U- 1 = Jab, 



J 



(3) 



Oa = X VPa - X a P0, 



> (4) - unu- 1 = H C = l0 E, Pj 4 > = Pa , 

^ab = UJ^U- 1 = Jab, J$ = X QPa ^( Xa E + Ex a ). 



(8) 

(9) 
(10) 

(11) 



Now it may be readily verified that the invariant condition (2) in the new represen- 
tation 



4t- nc > Q 



<f>(t,x) = 



(12) 



is satisfied if the operators {Q} have the form (10) and (11). This proves the theorem. 

Remark 1. The operators (10), (11) (this means that also the operating (5), (6)) 
satisfy the relations 



pU) pU) 



o, 



P}t\j$]=i(9 l >°Pj? ) -9rfPP), J = 3,4. (13) 
1 ( ji ab - s ab) , a,b,c,d= 1, 2, 3; j = 3, 4. 



rO) tO) 
J 0a i J Qb 



(14) 
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From (14) it follows that if the matrices S a b are added to the operators (10), (11), 
then the set of operators ^Pp\sj?v, S^b j form the Lie algebra. 

Remark 2. From the above considerations it follows that the wave function $ in 
passing from one inertial frame of reference to another which is moving with velocity 
— V may be transformed by four nonequivalcnt ways 



= exp 

j$ = ufflu-\ 



i T U) 



J 0c 



tghe = \v\. 



3 = 1,2,3,4, 



(15) 



It is to be emphasized that by the transformation (15) the time does not change if 
4i> e {Q 2 } or {Q 4 }: 



xq = exp 
x a = exp 



i4% 



ij {i) e 



xo exp 
x a exp 



- lJ 0b 6 b 



= exp 



x cxp„ 



U$6. 



Such transformations x a , are not equivalent to the conventional Lorentz transforma- 
tions. If in these formulae jjfj € {Q3}, the x a and xq transform in the conventional 
Lorent z way. W e thus find that, if the energy of a free particle is defined as usually 
E = \J p 2 + to 2 , then this does not mean in general that the theory must be invariant 
with respect to the Lorentz transformations. 

Theorem 2. The Hamiltonian H in eq. (1) commutes with the operators 



Sab = ^(7o7b - 7b 7a), 
S4a = ^(747a -7a74), 



a, b - 



1,2,3, 



(16) 



where 



7a 



74 = 74 + 1 



7oW_\ (7a 7c 

\ TP ) 



lcla)Pc + 27a7 4 m 



IbPb + 7 4 to\ 747 c p c 



m 2 



Proof. If we perform the transformation (8) over the operators (16), we obtain 

S kl = US k iU- x = S kl = l -( lkll - lllk ), k,l = 1,2,3,4. (17) 

From (17) it follows [H c , S kl \ = and 

[Ski, S nr \- = i(g kr Si n - g kn Si r + gi n S kr - gi r S kn ), k, l,n,r = 1, 2, 3, 4. (18) 

The analogous theorem is valid for any arbitrary relativistic equation in the cano- 
nical form describing free particle motion with spin s [1]. 

Remark 3. The operators (16) serve as an example of the nonlocal generators (in 
configuration space) which satisfy the Lie algebra of the group O4. Previously it was 
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known that the Hamiltonian had only the group O3 symmetry since the spin of a 
particle was the integral of the motion. 

Following Good [4, 5], the Maxwell equations may be written in the Hamiltonian 
form 



i M^ L = n {t x) Hl = Bp, 
at 

U\ + 0, B = a 2 ® S, V={h)i ^=1°, o* 
Equations (19) by Erikson-Beckers transformation [5] 

if.., _ l3 x n 



(19) 




L/ 1 = _ jl + (a 3 ®l d )^= ^, T'=|H 1 I (20) 



transfer into 



Wf = (a 3 ® l d )S, a 3 = 



1 

-1 



(21) 



From (21) it is clear that the condition (12) (with the Hamiltonian Til) IS satisfied 
for Q £ {Qi, Q 2 }- Of course in (11) the 4x4 matrix 70 must de substituted by the 
matrix a 3 <£> l 3 , and the 4x4 spin matrices by B. 
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